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The energy density spectrum is an observable of gravitational waves. Divergence has appeared in
the energy density spectra of the scalar induced gravitational waves for different gauge fixings. To
resolve the discrepancy, we investigate the gauge invariance of the scalar induced gravitational waves.
It is shown that the gauge invariant induced gravitational waves can be obtained by subtracting the
fictitious tensor perturbations via introducing the counter term composed of the first order scalar
perturbations. The kernel function uniquely determines the energy density spectrum of the scalar
induced gravitational waves. We explicitly calculate the gauge invariant kernel functions in the
Newtonian gauge and the uniform density gauge, respectively. The discrepancy between the energy
density spectra upon the Newtonian gauge and the uniform density gauge is shown to be eliminated
in the gauge invariant framework. In fact, the gauge invariant approach is also available to other
kinds of gauge fixings.
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2I. INTRODUCTION
Gravitational waves are expected to be produced from the scalar perturbations via the non-linear couplings
in the second or higher order cosmological perturbation theory [1–4]. Such a kind of gravitational waves are
called the induced gravitational waves. To measure the gravitational waves, one defines the energy density
spectrum to be the physical observable [5]. For the induced gravitational waves, however, the energy density
spectrum has been shown to be divergent across the literature [6–13]. To subtract the fictitious perturbations,
it has been suggested that the gravitational waves should be studied in the gauge invariant frame [14–20]. This
frame was further suggested to be synchronous [8], since the measurements are performed in the synchronous
gauge [21]. Most recently, we proposed such a well-defined gauge invariant synchronous frame [22], by
following the Lie derivative method [16–20]. Meanwhile, we calculated the energy density spectrum of the
induced gravitational waves in such a framework.
In this work, by following the method proposed in Ref. [22], we will explicitly show how to resolve the
discrepancy between the energy density spectra calculated in the Newtonian gauge and the uniform density
gauge. In fact, this discrepancy has been studied in previous works [9, 13]. The energy density spectrum at
late time was found to increase as η6 in the uniform density gauge, compared with the Newtonian gauge.
Here, η denotes a conformal time of the Universe. When η →∞, this strange result might imply a break down
of the cosmological perturbation theory. However, in the gauge invariant framework, the infinity is expected
to be eliminated by considering a counter term, which is composed of the first order scalar perturbations
[20, 22]. Note that we consider only the first order scalar perturbations in this work. In fact, our method is
also available when we take into account the first order vector and tensor perturbations.
The remainder of the paper is arranged as follows. In Section II, we introduce the gauge invariant induced
gravitational waves as well as the kernel function. In Section III and IV, we explicitly calculate the kernel
functions in the Newtonian gauge and the uniform density gauge, respectively. In Section V, we compare the
kernel functions. The conclusion and discussion are summarized in Section VI.
II. GAUGE INVARIANT INDUCED GRAVITATIONAL WAVES
In the Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime, the background metric is given by
g(0)µν dx
µdxν = a2(η)(−dη2 + δijdxidxj) , (1)
where a(η) is a scale factor of the Universe at η. To study the scalar induced gravitational waves, we consider
the metric perturbations up to second order, i.e., [1–4]
ds2 = a2
(
−
(
1 + 2φ(1)
)
dη2 + 2∂ib
(1)dηdxi +
((
1− 2ψ(1)
)
δij + 2∂i∂je
(1) +
1
2
h
(2)
ij
)
dxidxj
)
, (2)
where we have neglected the first order vector and tensor perturbations [20]. For simplicity, we make con-
ventions for the scalar perturbations φ ≡ φ(1), b ≡ b(1), ψ ≡ ψ(1), e ≡ e(1), and the tensor perturbations
hij ≡ h(2)ij . The transverse and traceless conditions are satisfied, i.e., δjl∂lhij = 0 and δijhij = 0.
The gauge invariant second order tensor perturbations Hij are defined as [22]
Hij = hij − Λlmij Xlm , (3)
where second term at the right hand side of the above equation is shown to be
Λlmij Xlm = Λlmij
(
8e∂l∂mφ+ 2∂
se∂s∂l∂me− 2(∂0e− b)∂l∂m(∂0e− b)
)
(4)
Here, the Λlmij denotes a transverse and traceless operator. Explicit expression of Xij was given in Refs. [20, 22].
It should be noticed that Xkl is uniquely determined by (the square of) the first order scalar perturbations.
3Since hij are gauge dependent, the second term at the right hand side of Eq. (3) can be understood as the
gauge dependent counter term that ensures the gauge invariance of Hij . Therefore, Hij are obtained via
subtracting the fictitious components in hij .
We briefly review the well-known results on hij as the first step. The equation of motion of hij is given by
[1–4]
∂20hij + 2H∂0hij −∆hij = −4Λlmij Slm , (5)
where H denotes the conformal Hubble parameter, and Slm is a source term depending on the gauge fixings.
The Fourier mode of Λlmij can be expressed in terms of the polarization tensors ε
λ
ij (λ = +,×), namely, [20]
Λlmij (k) = δλλ¯ε
λ
ij (k) ε
λ¯,lm (k) , (6)
where the polarization tensors satisfy the condition ελijε
λ¯,ij = δλλ¯. Eq. (5) can be rewritten in the momentum
space, i.e., (
hλk
)′′
+ 2H (hλk)′ + k2hλk = 4Sλk , (7)
where the prime stands for a derivative with respect to η, and we denote hλk ≡ ελ,ijhk,ij and Sλk ≡ −ελ,ijSk,ij
for simplicity. Here, hk,ij and Sk,ij are the Fourier modes of hij and Sij , respectively. Sλk is given by
Sλk =
∫
d3p√
(2pi)3
{
ελ,ij(k)pipjf (|k− p| , p, η) Φk−pΦp
}
, (8)
where f (|k− p| , p, η) is a transfer function dependent on the gauge fixings, Φp = 3(1 + w)/(5 + 3w)ζp, and
ζp the primordial curvature perturbations. Following Green’s function method, we obtain
hλk = 4
∫ η
0
dη¯
{
a(η¯)
a(η)
Gk(η, η¯)Sk(η¯)
}
≡
∫
d3p√
(2pi)3
{
ελ,ij(k)pipjΦk−pΦpIh (|k− p| , p, η)
}
, (9)
where Gk(η, η¯) denotes the Green’s function, and the kernel function Ih is defined as
Ih (|k− p| , p, η) = 4
k2
∫ η
0
d(kη¯)
{
a(η¯)
a(η)
kGk(η, η¯)f (|k− p| , p, η¯)
}
. (10)
Eqs. (5)–(10) have been derived in the semi-analytic way [23]. Moreover, we will derive the explicit expressions
of f (|k− p| , p, η¯), given two different gauge fixings in the following sections.
We denote Xk,lm as the Fourier mode of the gauge dependent counter term Xlm. Based on Eq. (4), Xk,lm
is obtained to be
ελ,lm (k)Xk,lm =
∫
d3p√
(2pi)3
{
ελ,lm (k) plpmΦk−pΦpIχ (|k− p| , p, η)
}
, (11)
where the kernel function Iχ (|k− p| , p, η) takes the form of
Iχ (|k− p| , p, η) = − 4|k− p|2Te (|k− p| η)Tψ(pη)−
4
p2
Tψ (|k− p| η)Te(pη)
+2
(
1
|k− p|2T
′
e (|k− p| η)−
1
|k− p|Tb (|k− p| η)
)(
1
p2
T ′e(pη)−
1
p
Tb(pη)
)
+2
(
(k− p) · p
|k− p|2 p2
)
Te (|k− p| η)Te(pη), (12)
4and Ts(kη)(s = e, ψ, b, φ) denote the transfer functions of the first order scalar perturbations, i.e.,
k2ek(η) = ΦkTe(kη) , (13)
ψk(η) = ΦkTψ(kη) , (14)
kbk(η) = ΦkTb(kη) , (15)
φk(η) = ΦkTφ(kη) . (16)
Here, ek, ψk, bk and φk denote the Fourier modes of e, ψ, b and φ, respectively. They are obtained via solving
the first order Einstein field equations.
To study the gauge invariant second order gravitational wavesHij , we also express Eq. (3) in the momentum
space, namely,
Hλk = h
λ
k − ελ,lmXk,lm , (17)
where Hλk ≡ ελ,ijHk,ij , and Hk,ij is the Fourier mode of Hij . Similarly, we define Hλk in terms of a kernel
function IH , namely,
Hλk =
∫
d3p√
(2pi)3
{
ελij(k)pipjΦk−pΦpIH (|k− p| , p, η)
}
. (18)
Considering Eqs. (10) and (11), we can obtain a simple relation among the three kernel functions, i.e.,
IH (|k− p| , p, η) = Ih (|k− p| , p, η)− Iχ (|k− p| , p, η) . (19)
Both of Ih and Iχ are gauge dependent. However, we show that the difference between Ih and Iχ is the gauge
invariant kernel function IH . The energy density spectrum (ΩGW) of the scalar induced gravitational waves
is uniquely determined by the kernel function [23, 24]. Therefore, it is not doubted that ΩGW defined with
IH is also gauge invariant. In the following sections, we will consider two gauge fixings, i.e., the Newtonian
gauge and the uniform density gauge, for the metric perturbations in Eq. (2). We will show that the kernel
function IH remains the same in both of the two gauge fixings. For simplicity, we consider only the radiation
dominated epoch, implying w = c2s = 1/3 [25].
III. KERNEL FUNCTIONS IN THE NEWTONIAN GAUGE
In this section, we consider the metric perturbations up to second order in the Newtonian gauge, i.e.,
ds2 = a2
(
−(1 + 2φ)dη2 +
(
(1− 2ψ)δij + 1
2
hij
)
dxidxj
)
. (20)
Since the second order scalar perturbations do not contribute to the equation of motion of the scalar induced
gravitational waves [20], we just consider the scalar perturbations up to first order. Similarly, the energy
momentum tensor up to first order is given by
T00 = a
2(1 + 2φ)ρ(0) + a2ρ(1) , (21)
T0i = −a2(P (0) + ρ(0))υ(1)i , (22)
Tij = a
2δij((1− 2ψ)P (0) + P (1)) , (23)
where ρ(0) and P (0) denote the background density and pressure, respectively, and ρ(1), P (1) and υ
(1)
i denote
the first order density, pressure, and velocity perturbations, respectively.
Based on the first order Einstein field equations, the equations of motion of the first order scalar pertur-
bations are given by [25]
3∂20ψ −∆ψ + 3H(∂0φ+ 3∂0ψ) = 0 , (24)
ψ − φ = 0 . (25)
5In the momentum space, we rearrange the above two equations in the form of
3x∂2xψk(x) + 12∂xψk(x) + xψk(x) = 0 , (26)
φk(x) = ψk(x) , (27)
where we let x ≡ kη. Here, we utilize H ∝ 1/η in the derivation. By solving Eqs. (26) and (27), we obtain
the transfer functions of ψk and φk as
Tφ(x) = Tψ(x) =
9
x2
(√
3
x
sin
(
x√
3
)
− cos
(
x√
3
))
. (28)
Based on the second order Einstein field equations, we obtain the source term at the right hand side of
Eq. (5), namely,
ΛijlmSij = Λijlm
(
3φ∂i∂jφ+
2
H∂0φ∂i∂jφ+
1
H2 ∂0φ∂i∂j∂0φ
)
. (29)
Following Eqs. (8) and (29), we obtain the transfer function f (|k− p| , p, η) to be
f (|k− p| , p, η) = 2Tψ (|k− p| η)Tψ(pη) +
(
ηT ′ψ (|k− p| η) + Tψ (|k− p| η)
)
(ηT ′ψ(pη) + Tψ(pη)) . (30)
On the other side, the counter term Xlm is shown to vanish in the Newtonian gauge, i.e., Xlm = 0 [22]. This
implies
Iχ (|k− p| , p, η) = 0 . (31)
Therefore, the gauge invariant kernel function of IH takes the same value as Ih in Eq. (10), namely,
IH (|k− p| , p, η) = 4
k2
∫ η
0
d(kη¯)
{
a(η¯)
a(η)
kGk(η, η¯)f (|k− p| , p, η¯)
}
, (32)
where f (|k− p| , p, η¯) is given in Eq. (30), and kGk(η, η¯) = sin(k(η − η¯)) in the radiation dominated epoch.
Since ΩGW is uniquely determined by the kernel function, the energy density spectrum calculated in the
gauge invariant framework takes the same as the one calculated in the Newtonian gauge.
IV. KERNEL FUNCTIONS IN THE UNIFORM DENSITY GAUGE
In this section, we study the metric perturbations up to second order in the uniform density gauge, i.e.,
ds2 = a2
(
−(1 + 2φ)dη2 + 2∂ibdηdxi +
(
(1− 2ψ)δij + 1
2
hij
)
dxidxj
)
. (33)
The energy momentum tensor up to first order is given by
T00 = a
2(1 + 2φ)ρ(0) , (34)
T0i = −a2(P (0) + ρ(0))υ(1)i − a2ρ(0)∂ib , (35)
Tij = a
2δij((1− 2ψ)P (0) + P (1)) . (36)
The density perturbations ρ(1) are zero in the uniform density gauge.
Similar to discussions in the previous section, the equations of motion of the first order scalar perturbations
are given by
3H2φ+ 3H∂0ψ +H∆b−∆ψ = 0 , (37)
ψ − φ− (2H+ ∂0) b = 0 , (38)
∂20ψ +H
(
∂0φ+ 3∂0ψ +
1
3
∆b
)
− 1
3
∆ψ = 0 . (39)
6In the momentum space, we rearrange the above three equations as follows
φk + x∂xψk − x
3
(kbk) +
x2
3
ψk = 0 , (40)
− 1
x2
∂x
(
x2(kbk)
)− φk + ψk = 0 , (41)
−φk + x∂xφk + 2x∂xψk + x2∂2xψk = 0 . (42)
By solving Eqs. (40)–(42), we obtain the transfer functions of ψk, φk, and kbk to be
Tφ(x) = −
√
3
2
x sin
(
x√
3
)
, (43)
Tψ(x) = −3
2
cos
(
x√
3
)
+
3
√
3
x
sin
(
x√
3
)
, (44)
Tb(x) =
3
2
x
(
1− 6
x2
)
cos
(
x√
3
)
− 3
√
3
(
1− 3
x2
)
sin
(
x√
3
)
. (45)
Here, we notice that the amplitudes of Tφ(x) and Tb(x) increase as x when x 1. In fact, as will be shown
in this work, they lead to the discrepancy between the Newtonian gauge and the uniform density gauge.
Based on the second order Einstein field equations, we obtain the source term at the right hand side of the
Eq. (5), namely,
ΛijlmSij = Λ
ij
lm
(
2φ∂i∂jφ− ψ∂i∂jψ + 1H2 ∂0ψ∂i∂j∂0ψ + ∂sb∂
s∂i∂jb+ ∆b∂i∂jb+
2
H∂0ψ∂i∂jφ
+2ψ∂i∂jφ+ 4Hψ∂i∂jb+ 3∂0ψ∂i∂jb+ 2ψ∂i∂j∂0b+ 4Hφ∂i∂jb+ ∂0φ∂i∂jb+ 2φ∂i∂j∂0b
)
. (46)
Following Eqs. (8) and (46), we obtain the transfer function to be
f (|k− p| , p, η) = 2Tφ (|k− p| η)Tφ(pη)− Tψ (|k− p| η)Tψ(pη) + 1H2T
′
ψ (|k− p| η)T ′ψ(pη)
− (k− p) · k|k− p| k Tb (|k− p| η)Tb(pη) +
1
H
(
T ′ψ (|k− p| η)Tφ(pη) + Tφ (|k− p| η)T ′ψ(pη)
)
+2H
(1
p
Tψ (|k− p| η)Tb(pη) + 1|k− p|Tb (|k− p| η)Tψ(pη) +
1
p
Tφ (|k− p| η)Tb(pη)
+
1
|k− p|Tb (|k− p| η)Tφ(pη)
)
+
1
|k− p|T
′
b (|k− p| η)Tψ(pη) +
1
2p
Tφ (|k− p| η)T ′b(pη)
+
1
2 |k− p|T
′
b (|k− p| η)Tφ(pη) +
1
p
Tφ (|k− p| η)T ′b(pη) +
1
|k− p|T
′
b (|k− p| η)Tφ(pη)
+Tψ (|k− p| η)Tφ(pη) + Tφ (|k− p| η)Tψ(pη) + 1
p
Tψ (|k− p| η)T ′b(pη)
+
3
2
(
1
p
T ′ψ (|k− p| η)Tb(pη) +
1
|k− p|Tb (|k− p| η)T
′
ψ(pη)
)
. (47)
For the counter term Λlmij Xlm, we obtain its kernel function by making use of Eq. (12), namely,
Iχ (|k− p| , p, η) = 2|k− p| pTb (|k− p| η)Tb(pη) . (48)
Therefore, the kernel function of the gauge invariant gravitational waves in Eq. (19) is obtained to be
IH (|k− p| , p, η) = 4
k2
∫ η
0
d(kη¯)
{
a(η¯)
a(η)
kGk(η, η¯)f (|k− p| , p, η¯)
}
− 2|k− p| pTb (|k− p| η)Tb(pη) , (49)
where f (|k− p| , p, η¯) is given in Eq. (47), and kGk(η, η¯) = sin(k(η − η¯)) in the radiation dominated epoch.
The counter term in the uniform density gauge is non-trivial.
7V. COMPARISON AMONG THE KERNEL FUNCTIONS
In this section, we compare the kernel functions in the Newtonian gauge and the uniform density gauge.
We show that both of them lead to the same gauge invariant kernel function. Therefore, the energy density
spectrum of the scalar induced gravitational waves should be the same in both of the two gauge fixings. To
be specific, we show our results of the kernel functions in Fig. 1 and Fig. 2.
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FIG. 1. The kernel functions k4I2h,NT(|k − p|, p, η) in the Newtonian gauge (dotted curve), I2h,UD(|k − p|, p, kη) in
the uniform density gauge (solid curve), and I2χ,UD(|k− p|, p, kη) for the counter term (dashed curve) in the uniform
density gauge. Left panel : we let |k− p| = p = k. Right panel : we let |k− p| = k and p = 0.1k.
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FIG. 2. The gauge invariant kernel functions k4I2H(|k − p|, p, η) in the Newtonian gauge (dotted curve) and the
uniform density gauge (solid curve). Left panel : we let |k−p| = p = k. Right panel : we let |k−p| = k and p = 0.1k.
We compare the kernel functions in the Newtonian gauge and the uniform density gauge in Fig. 1. It shows
that the kernel function of hij in the uniform density gauge tends to be divergent as η →∞, while the one in
the Newtonian gauge tends to converge. This result was also presented in the preview work [9]. It indicates
that hij is not gauge invariant, and the fictitious component of hij should be subtracted. To subtract the
fictitious perturbations, we introduce the counter term in Eq. (3). The counter term in the Newtonian gauge
has been shown to be zero [22]. However, the counter term in the uniform density gauge is not trivial. In
Fig. 1, we plot its kernel function, which is shown to be divergent as η →∞.
8In Fig. 2, we show the gauge invariant kernel functions I2H(|k − p|, p, η) in both of the Newtonian gauge
and the uniform density gauge. We find that they are the same for different gauge fixings. In this sense,
they would lead to the same energy density spectrum of the scalar induced gravitational waves. Therefore,
the gauge invariant induced gravitational waves is expected to be a well-defined observable. In fact, we have
shown this vital viewpoint in our previous works [20, 22]. As examples, we display the explicit derivations in
two specific gauge fixings in the present work.
VI. CONCLUSION AND DISCUSSION
In this work we have explicitly calculated the gauge invariant kernel functions, which uniquely determine
the energy density spectrum of the scalar induced gravitational waves, in the Newtonian gauge and the
uniform density gauge, respectively. Composed of the first order scalar perturbations, the counter term
has been introduced in order to subtract the fictitious tensor perturbations. For the kernel functions, the
discrepancy between the two gauge fixings has been shown to be explicitly eliminated in the gauge invariant
framework. Therefore, we could obtain the same energy density spectrum for the scalar induced gravitational
waves in both of the Newtonian and uniform density gauges. We have considered two typical gauge fixings as
the specific examples of the gauge invariant framework. However, in fact, the gauge invariant method is also
available to other gauge fixings considered in the previous works [6–13]. This conclusion is obvious, since in
Eq. (3) we can fix an arbitrary gauge that does not change the gauge invariant kernel function quantitatively.
Moreover, it is straightforward to generalize the gauge invariant method to study the induced gravitational
waves in the matter dominated epoch.
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